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Section 1

Motivation & Outline
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In this Thesis

Goal

Model as, and solve

C
argqerglll}n (qIClg),

C _Zc,zz + ) CzizZ,

1<i<j<n

for

given C;;, C; € R, and Z being the Pauli-Z operator acting on qubitk,k =1,...,n
Relates to: Ising’s ground state-, QUBO-, Weighted maximum cut- problem.

Classical challenges: Quantum methods:
» NP-Hard if non sub-modular » Adiabatic quantum computing
» Combinatorial, not differentiable » Universal quantum computing
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Adiabatic- vs. Universal- QC

At any time f € [0, T], the evolution of the state vector |¢(t)) of a quantum system
obeys Schrodinger’s equation

)
ihoy [0(8) = H(D) [(t),

where H is a Hermitian operator known as the system-driven Hamiltonian.
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Adiabatic- vs. Universal- QC

At any time f € [0, T], the evolution of the state vector |¢(t)) of a quantum system
obeys Schrodinger’s equation

., 0
thay [W(1) = H{E) [$(1))
where H is a Hermitian operator known as the system-driven Hamiltonian.

Two computation paradigms

il [(t)) = H(E) [1(5))
/ \
[H(t) = A(HH(0) + B(H/H(T)| () = U(®) [$(0)) |

Adiabatic quantum computing Universal quantum computing
H(0): initial Hamiltonian U(#): unitary operator
H(T): problem Hamiltonian U(#): depends lonely on ¢
N. Kuete Meli(University of Luebeck)
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Section 2

Quantum Transformation Estimation
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Iterative Quantum Transformation Estimation

Goal
Given N pairs of points (x;,y;) € R?, solve mingeso(q) Zfil l|lx: — Ry

QA IQT [New]

343, 53 a8,
0 8
g s5 sii
F ﬁ%

QA: Golyanik and Theobalt. A Quantum Computational Approach to Correspondence Problems on Point Sets. CVPR, 2020.
IQT: Kuete Meli, Mannel, and Lellmann. An iterative quantum approach for transformation estimation from point sets. CVPR, 2022.
April 23th
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Iterative Quantum Transformation Estimation

Goal
Given N pairs of points (x;, ;) € R?, solve mingeso(q) Zf\il l|lx: — Ry

QA IQT [New]
Optimization Variable Matrix R Parameter of R
Optimization Scheme Fixed — fixed accuracy Iterative — flexible accuracy
R orthogonal x v
Number of qubits 21in 2D, 81 in 3D 10 in 2D, 15 in 3D

QA: Golyanik and Theobalt. A Quantum Computational Approach to Correspondence Problems on Point Sets. CVPR, 2020.
IQT: Kuete Meli, Mannel, and Lellmann. An iterative quantum approach for transformation estimation from point sets. CVPR, 2022.
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Iterative Quantum Transformation Estimation

Goal
Given N pairs of points (x;,y;) € R4, solve mingesow) Eil [l — Ryl-||2.
IQT strategy: Write R as
R = exp(M(v)),

where
in2D forv € R in 3D for v := (v1,02,03) " € R3
Mo =0 (0 D) | M@ = ol [ 00 O o
v) =0 v) = ol | v3 —
1 0 %) (%] 0

» Binarize using K-bit representation: v; = >, 2fg;,
» Linearize using first order Taylor’s expansion
Optimizing over g = QUBO!!!

QA: Golyanik and Theobalt. A Quantum Computational Approach to Correspondence Problems on Point Sets. CVPR, 2020.
IQT: Kuete Meli, Mannel, and Lellmann. An iterative quantum approach for transformation estimation from point sets. CVPR, 2022.
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Adiabatic Quantum Theorem

D-Wave initial and problem Hamiltonians:

n
H(0)=B, B:= in, 2 (s)

€1(s) |
eo(s) y
>

H(T)=C, C:= Zc,lz+ > cziz;.

1<i<j<n

Adiabatic theorem (roughly) [Albash et al. “2018]

Let H(f) := (1 — t/T)H(0) + tH(T) for t € [0,T] be an Hamiltonian with eigen-
states |¢;(t)) to the eigenvalues ¢;(t), and so that ¢;(t) < ¢;41(t) forall t € [0, T] and
je{0,1,-- } If the system is initialized in the state |¢;(0)), then Schrodinger’s
equation i |1(t)) = H(t)|¢(t)) instantly keeps |(t)) in |¢(t)), provided that

H(t) varies slowly enough.

Start in ground state |+)®" of B and end up in any ground state |¢*) of C!!!
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IQT: Results

1QT 2D (iter 5) 1QT 2D (iter 10) mmm QT 2D (iter 15) N QA 2D
ICT 2D (iter 5) ICT 2D (iter 10) mmm /CT 2D (iter 15)
0.8 4 10?
o) 1072
< 06l
£ 106
i 5 04 10-10
Metrics: g
5 1o
i . < 0.2
» Consistency error: 3 100
0.0 10-22
T 0 20 40 60 80 0 20 40 60 80
eR = | | I - R R | |F Outlier Ratio (%template) Outlier Ratio (%template)
1QT 3D (iter 5) 1QT 3D (iter 10) mmm /QT 3D (iter 15)
ICT 3D (iter 5) ICT 3D (iter 10) mmm CT 3D (iter 15)

> Alignment error:

10°
1.04
X <3 10°
X — RY|| £
eA R s 0.81 103
= £
w —
- 4 107
X[ oo
107°
g 0.44
2 10712
<
0.2 10-15
0.0- 1071
0 20 40 60 80 0 20 40 60 80
Outlier Ratio (%template) Outlier Ratio (%template)

Kuete Meli, Mannel, and Lellmann. An iterative quantum approach for transformation estimation from point sets. CVPR, 2022.
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Section 3

A Variational Quantum Algorithm for Ising Problems
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Variational Quantum Computing (VQC)

Qru
Estimates objective function

VQC: Cerez et al. Variational quantum algorithms. Nature, 2021.
Peruzzo et al. A variational eigenvalue solver on a photonic quantum processor. Nature, 2014.
Wang et al. Variational quantum singular value decomposition. Quantum, 2021.
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VQC for QUBO: A Concrete Case

Recall: we want to solve

arg g?olﬁl}n (qIClq),

for

C —Zc,lz + Y GZZ,

1<i<j<n

Idea
Approximate |q) = @ |g:),9: € {0,1} as [¢(9)) = > (0) |g) and solve

argmin £(6), £(6) := (¥(6)|Cl¥(9)) .

Idea (QAOA): Farhi et al. A quantum approximate optimization algorithm. arXiv, 2014.
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VQC for QUBO: A Concrete Case

Recall: we want to solve

arg 61?01111},, (4IClg) .

for

C —Zc,lz + ) Cziz,.

1<i<j<n

Idea
Approximate |q) = @ |g:),9: € {0,1} as [¢(9)) = > (0) |g) and solve

argmin £(6), £(6) := (¥(6)|Cl¥(9)) .
Block encoding [ New]: Embed Hamiltonian C into a unitary operator U and solve

argmin £(6),  £(6) := (0,4(6)[U]0,%(6)) -

Idea (QAOA): Farhi et al. A quantum approximate optimization algorithm. arXiv, 2014.
Block Encoding: Kuete Meli et al. A universal quantum algorithm for weighted maximum cut and Ising problems. Springer, 2023.
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VQC for QUBO: Overview

Ancilla qubit [0)

a

[=]
N

Cost qubit  [0),

U(C.a,b) U0} |1(6))

Working qubits  0), Ry(1)

Css

s
Cs Cis
~ <.
o Cu i _ -
Cri e Counrs
\ o . / [lacouns]
[N G5 Cu Cy v
/ 7171
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VQC for QUBO: Overview

Quantum circuit Classical optimizer

Problem model
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VQC for QUBO: Overview

Quantum circuit

Problem model
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VQC for QUBO: Block Encoding

Embed C into a (2!*") x (2!*") unitary operator

U :=U(C,a,b) ZUM ) @ lg) (4,

Uzx2(q) == (cos((qC|q)) > , C:=aC+10l, abeR.

» On a basis states it holds

(0,g]U0,7) = (0]U2x2(9)]0) ® (g]g) = cos({g|Clq)).

» On an arbitrary state il holds

(0,4(6) |U[0,3(6)) = > |y (0) [ cos((q]Clg))-

q
Choose a, b so that (aC + b) € [0, 7] where cos ensures preserving order!
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VQC for QUBO: Circuit Implementation

Using that

(a|Clg) = a(qClg) +b, (q|Clg) = Z

i=1

we can implement Uy, () as
n

Unalp) =RolaCl) =TT X

H X7+ .

‘%Cu 4 Z ”71*%

1<i<j<n

(ZaCﬁ) - X

R,(2aCy) - X¥ 0 . R, (2b).

1<i<j<n
Quadratic terms Unary terms
Cost qubit
ey 1), —@—@—{ Ry(2C)) |-—@—@—{ R, (2uc:)
c
Working qubits { g
‘. qj
N. Kuete Meli(University of Luebeck) Doctor Thesis Defense April 23th



VQC for QUBO: Overview

Quantum circuit

Problem model
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Classical optimizer
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VQC for QUBO: Hadamard Test

1
Consider the Hadamard test circuit and define operators P := E(I +U).

o

|¢in> |£| } wout>

Measurement with operators Py = |0) (0] ® I and P; = |1) (1| ® I yields
p(0) = (4in |PTP | 0m)  and  p(1) = (tin

so that it holds Re (¢, | U | 4)) = p(0) — p(1).

PLP | 4in),

In our application

L(8) = (i | U] i) = (0,8(8) |U10,8(8)) = (4(8)] cos(C)[4(8)) &
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VQC for QUBO: Optimization

In an iterative process, we solve
argmin L£(6), L(0) := (0,(0)[U]0,(8)) ,

0€©

where we evaluate £(6) with Hadamard test.
Optimization with normalized gradient descent and decreasing step size:

Pt — o) _ ¢, . Vo L(0K) .
Vo L£(6W)]3

Parameter shift rule [Mitara et al. 2018]

a%/:(9) - % (E (9 n gel) y (9 . gei» .
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VQC for QUBO: Overview

Quantum circuit Classical optimizer

Ancilla qubit [0), [H] I H ()

Cost qubit  [0),
U(C,a,b) U0} |1(6))

Working qubits [0,
4

Problem model

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense April 23th 17



Decoding

Once optimal parameter vector 6* is found:

» Prepare and measure ansatz

0, SR AR 000),

> Measure and get count histogram

[io Counts

PENNNNNNNNN
NNNNNNNNNNN

Y
7

; J

;

; J

A =

> Select solution (without loss of generality)

[V(6%)) = a0 ]0) + ... 4+ g [77) + .o+ Amax [Fmax) +
|¢*> = ‘qmax>

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense
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Results

Comparison against D-Wave:

B QAOA (NGD) QAOA (Cobyla)  —— D-Wave  EEEE UQMaxCut (NGD) [Ours]
n=3 n=>5 n=10
10 10 10
08 08 08
e 0 06
z
=4
04 04 04
02 02 02
00 0 0
002 1 6 8 101211008 02 1 6 8 101214 1618 2 005 16 8 1012141618 2
Tteration Tteration Tteration
w=3  n=p w=3
n=3 100% 100% 100%
90%
50%
n=10
0%
QAOA (NGD) QAOA (Cobyla) D-Wave UQMaxCut (NGD) [Ours]

Metrics: Ratio=1 — W, Index = # {¢" =q"}.

Kuete Meli, Mannel, and Lellmann. A universal quantum algorithm for weighted maximum cut and Ising problems. Springer, 2023.
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Results

Comparison against D-Wave:

—— D-Wave EEE UQIsing (NGD) [Ours]

n=3 n=>5 n=10
10 10 10
s s \/\/wl'i o \/
200 0 06
g
=
0.4 0.4 04
02 02 02
00 0 0
0 2 4 6 8 1012 14 16 18 2 002 4 6 8 10121416182 002 4 6 8 10121416182
Tteration Iteration Tteration
w3
100%
n=3 n=3
0% S04

D-Wave UQlsing (NGD) [Ours]

(@*|C1Y") = Cimin

Metrics: Ratio=1—
Cmax - Cmin

, Index=#{¢* =q"}.

Kuete Meli, Mannel, and Lellmann. A universal quantum algorithm for weighted maximum cut and Ising problems. Springer, 2023.
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Section 4

Solving the Ising Problem by Quantum Search

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense April 23th
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Grover’s Quantum Search

Goal
Let [N] :={0,1,...,N —1}. Givenf : [N] — {0,1} find g* € [N] with f(g*) = 1.

Grover: Repeat [¢x41) <= DO, |9x) fork =0, ..., | 7] and chosen [¢p) < rotate on 2D
space formed by superposition state |74) of solutions and |7_) of non-solutions:

[7+)
DO, [to)
20 |¢0>
—g In-)
Oy, [vo)

Grover: Grover. A fast quantum mechanical algorithm for database search. Symposium on Theory of computing, 1996.

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense April 23th 21



Grover’s Quantum Search

Goal

Let [N] :={0,1,...,N —1}. Givenf : [N] — {0,1} find g* € [N] with f(g*) = 1.

Grover: Repeat [¢x41) <= DO, |9x) fork =0, ..., | 7] and chosen [¢p) < rotate on 2D
space formed by superposition state |74) of solutions and |7_) of non-solutions:

» O, is oracle operator defined for p(q) = 7 - f(q) as

o.g=esig = {~ 1 HH0 =0

so O, =(-2ny)(nyl)

Grover: Grover. A fast quantum mechanical algorithm for database search. Symposium on Theory of computing, 1996.

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense
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Grover’s Quantum Search

Goal

Let [N] :={0,1,...,N —1}. Givenf : [N] — {0,1} find g* € [N] with f(g*) = 1.

Grover: Repeat [¢x41) <= DO, |9x) fork =0, ..., | 7] and chosen [¢p) < rotate on 2D
space formed by superposition state |74) of solutions and |7_) of non-solutions:

» O, is oracle operator defined for p(q) = 7 - f(q) as

o.g=esig = {~ 1 HH0 =0

so O, = (I-2[n4) (n4l)
» D is diffusion operator defined as

D := —(I =2 ¢0) (t0l).

Grover: Grover. A fast quantum mechanical algorithm for database search. Symposium on Theory of computing, 1996.

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense
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Grover’s Quantum Search

Goal

Let [N] :={0,1,...,N —1}. Givenf : [N] — {0,1} find g* € [N] with f(g*) = 1.

Grover: Repeat [1x41) <~ DO, |9x) fork =0, ..., | 7] and chosen [¢p) < rotate on 2D
space formed by superposition state |,.) of solutions and |r_) of non-solutions:

» O, is oracle operator defined for p(q) = 7 - f(q) as

0, ) ::ew<q>|q>={ R

5o Op = (I—(1—¢7)ng) (ng)
» D is diffusion operator defined as

D :=—(I— (1—¢7)[tho) (tho).

Grover: Grover. A fast quantum mechanical algorithm for database search. Symposium on Theory of computing, 1996.

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense
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Phase Matching

Will Grover’s search still find a solution if we allow arbitrary phase rotations

0% = — (1= (1= ¢°) ) (n)
and D”:=—(I—(1—¢") o) (o])?
Phase matching [Long et al. 1999].

Search possible in Lsin(lw (£ — 1)] iterations if « = 3 (= m in Grover, optimal!).

k = 4, peak = 0.9999 k = 6, peak = 0.99945

k = 8, peak = 0.99682

£ £ £ £
o 5 06 5 06 5 06
E g o4 g 04 g 04
€0 1 i
2 2 2 2

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense
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NBAA: Non Boolean Amplitude Amplification

Goal
Givenf : [N] — [0,1], resp. ¢ : [N] — [0, 7], maximizef(g), resp., maximize ¢(q).
q€[N] q7€[N]
NBAA: Repeat fork =0, ..., | 55]: 0.012———
[eg1) < DOy |tx) , if k odd, 0.010] — k-3
[ks1) < DOL |i) , if k even. $ 0.008
g
with O, and D as Eo.oos
0, 10,9) == eiv'(Q) 10,49) §0'004 k=1 ~ pola) =1/28
O, 11,q9) == e iv(@) 11,9), 0.002 pe? T;
D = — ([=2¢0) (¢ol) - 0,000 > o
: 0 32 64 96 128 160 192 224 256
<~ minimizeqem (()S(Q([])) '” Measurement outcome q

NBAA: Shyamsundar. Non-boolean quantum amplitude amplification and quantum mean estimation. Springer, 2023.

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense April 23th
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PM-NBAA: Phase-Matching NBAA

Satisfy two conditions [ New]:

> Initial good overlap with the solution: (g*|¢0) > (q|¢o) for all g # g*.
» Phase matching condition: ¢(q*) = +.

PM-NBAA: Repeat |)r11) < DOy, |tk), no distinctions between odd and even k:
< Within K optimal iterations, pr+1(7*) > pr(7*) and pry1(9*) > prs+1(q) for all g # g*!!!

le-2 Iteration 1 le—1 Iteration 8 le—1 Iteration 16
5 1.0 s
0.5 i
04 0.0 0 f(
-0.54 1
lao(q)|cos(6o) lao(q)|cos(67) _1 lao(q)|cos(6:5) +
=57 - |00, g)lcos(e(q) + £0(0, @) =1.07 —4- |ay(0, @)|cos(p(q) + £(0, @) -+- |a15(0, q)|cos(p(q) + €15(0, q)) i
pp T T T o s T T T : PP T T T T
1.0 — PM-NBAAatitero - " | — Pm-nBAA at iter 7 5| — PmnBAAatiter 15
N —— PM-NBAA at iter 1 o 1.5 — PM-NBAA atiter 8 o | — PM-NBAAatiter 16
T3 ~~~ NBAA at iter Kysaa T3 ~=- NBAA at iter Kusaa T3 ~== NBAA at iter Knsaa
3505 35107 351
FE FE FE
© © 0.5 ®
004 ==--- 0.0 0
n sn 100 180 200 280 n sn 100 150 200 2an
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Results on Ising’s Problem

Comparison against UQIsing;:

100 ]
1.0 B
0.8
5 5
2 o
§ £ 102
c 061 =
S S
] S
£ £
- $
S s
< S
< 10-24
0.2
—— PM-NBAA —— PM-NBAA
——— NBAA with b =n/2 ——— NBAA with b =n/2
00— NBAA with b = /4 —— NBAA with b = n/4
. —— UQIsing —— UQIsing
T T T T T T T T T T T T T T T T
3 4 5 6 7 8 9 10 3 4 5 6 7 8 9 10
Problem size n Problem size n
(@*[C]P") = Ci
. . min * *
Metrics: Ratio=1- ~————"———, Index=#{y" =4q"}.
Cmax - Cmin

N. Kuete Meli(University of Luebeck)

Doctor Thesis Defense
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Section 5

Quantum Hamiltonian Descent for
Rigid Image Registration

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense

April 23th
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A Quantum View on Optimization

Goal
Find
" .
X" € argmin f(x),

for some objective function f : X — R.

© Classical: Euler-Lagrange eq. with Lagrangian

. 1
£, %) = —e¥f () + e (FI%12).

© Quantum: Schrédinger eq. with Hamiltonian

H(t) 1= oX'f + o# (—ZAX) .

N. Kuete Meli(University of Luebeck)

Doctor Thesis Defense

Gradient descent
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QHD: Quantum Hamiltonian Descent

QHD and convergence in the convex case [Leng et al. 2023]

Let f be a continuous differentiable convex function with a unique local minimizer
x* and the ideal scaling condition holds. Then, for any smooth initial wave func-
tion |1)(x,0)), the solution |¢(x, t)) at any time ¢ of the Schrédinger equation

iy b (x, ) = H() [0, 1)

with the Hamiltonian

H(t) :=eXf +e” (—ZAX>
such that limy_,o, e?/Xt = 0 satisfies
[ Felot lPdx — o) < O ).

Convergence also provable in the non-convex case under further assumptions.

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense April 23th 28



Application on Rigid Image Registration

R&T R& (T =)

Goal
Given two images R, T : [0, m] x [0,n] — R, solve

arg melg SSD(R, T o ¢,), SSD(R,To,) := / (R(x) — T(pw(x)))* dx,
% Q

with w 1= (w1, wa,ws) T, Q := [0,27] x [-m,m] x [-n,n] and ¢,, : R? — R? given by

eut) = (Safer) ~omle)) () + (2).

Trick [New]: Define state vector |w(x, t)) and let it evolve under QHD Hamiltonian.

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense April 23th
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Quantum Time Evolution

Evolution through solving the Schrodinger equation

ih%U(t) =H(#)U(t) andsetting |w(x,T))=U(T) |w(x,0)).

This generally can only be approximated through discretization
> inspace as [w(t)) = w(-, ) = 5, ay(#) luy),
> intime as |w(j + 1)) := exp (—iZH(j - L)) |w(j)) forj =0,...,7.

Update rule [Leng et al. 2023]

Defining a step size s := L and letting |w(0)) being the uniform superposition state,
we get the update rule

lw( +1)) =T -exp (—isA(js)Z) - OT - exp (—isB (js) ) |w(f))
j=0,...,r. In our experiments, we set T = 1 and r = 10° update steps.

N. Kuete Meli(University of Luebeck) Doctor Thesis Defense April 23th
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Results: Rotation Only

Wave function evolution under the action of QHD:

Wave function evolution

1e7 j=025-r j=05-r
0.125 0.4
1.0
S 0.100
TE 0.3 2
-g 0.8 0.075 OVZE
2 0.050 g
Sy
© 06 0.025 01
0.000 0.0
le7 j=0.75-r j=1.0-r
1.0
0.8
o 10 0.8
2 0.6 >
g 065
Los 0.4 z
—"i’ 0.4 g
FS)
S o6 0.2 0.2
0.0 0.0
0 2 4 6 0 2 4 6
w.: Rotation angle ws: Rotation angle
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Results: Rotation Only

Rotation-only registration
Rotation about 5.47 Rad of image center and Translation about (0.0, 0.0) pixels.

diff(R, T), SSD = 7742890.0

Tand ¢

250

=

g

—
L - 200
g
L

150

T o @: Transformed T diff(R, T o @), SSD = 4555233.84

100
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Results: Rotation and Translation

Rigid registration
Rotation about 5.75 Rad of image center and Translation about (1.0, 5.0) pixels.
diff(R, T), SSD = 7742890.0

Tand ¢

225

o
200

S
T
175
iy
L

150

125
T o @: Transformed T diff(R, T > @), SSD = 2618173.15

100
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